Abstract. In this paper, we study the number of representations of a positive integer n by two positive integers whose product is a multiple of a polygonal number.
Introduction
Let n be a positive integer. In 2014, Cai et al. [1] studied the following equation
where a, b an c are positive integers. And they proved that (1.1) is unsolvable iff n 2 + 1 is a prime. This relates to the famous n 2 + 1 problem: to show n 2 + 1 is prime infinitely, which was raised by Euler in a letter to Goldbach in 1752. It's obvious that it is true iff there exists infinite n such that (1.1) is unsolvable.
We denote by P (m, c) the cth m-gonal number, i.e., P (m, c) = where a, b, and t are positive integers. Let r m,t (n) denote the number of the representations of n by a + b with ab = tP (m, c). Then we obtain a sufficient condition for r m,t (n) = 0. Theorem 1.1. If 2(m − 2)n 2 + t(m − 4) 2 is a prime, then (1.2) is unsolvable. And if we denote by r ′ m,t (n) the number of nonnegative integer solutions to the following equation,
Then we obtain an interesting relation between r m,t (n) and r ′ m,t (n). Theorem 1.2. r m,t (n) = r ′ m,t (n) − 1 in the following three cases, (1) t = 1, and m = 3 or p + 2; (2) t = 2, and m = 3 or 2p + 2; (3) t is an odd prime, and t = m − 2, with m = 3 or p + 2, where p is an odd prime.
denoting the number of divisors of n. With the help of the theory of binary quadratic forms, we can obtain the results for some m and t. Theorem 1.3. Let ord p (n) be the integer such that p ordp(n) ||n and d(n) denote the number of divisors of n, where p is a prime and n is an integer. Then
(1) r 3,1 (n) = ⌊{d(2n
Let P denote the set of prime numbers. Then we have Corollary 1.1.
(1) r 3,1 (n) = 0 iff 2n 2 + 1 ∈ P; (2) r 5,1 (n) = 0 iff 6n 2 + 1 ∈ P; (3) r 7,1 (n) = 0 iff 10n 2 + 9 ∈ P ∪ 9P; (4) r 13,1 (n) = 0 iff 22n 2 + 81 ∈ P ∪ 9P ∪ 81P; (5) r 31,1 (n) = 0 iff 58n 2 + 729 ∈ P ∪ 9P ∪ 81P ∪ 729P; (6) r 3,2 (n) = 0 iff n 2 + 1 ∈ P;
11) r 3,3 (n) = 0 iff 2n 2 + 3 ∈ P ∪ 3P; (12) r 3,5 (n) = 0 iff 2n 2 + 5 ∈ P ∪ 5P; (13) r 3,11 (n) = 0 iff 2n 2 + 11 ∈ P ∪ 11P; (14) r 3,29 (n) = 0 iff 2n 2 + 29 ∈ P ∪ 29P.
And it was proven in [4] that there exist infinitely many integers n such that G(n) has at most two prime factors, where G(n) = an 2 + bn + c is an irreducible polynomial with a > 0 and c is odd. Hence we have Corollary 1.2. If (m, t) ∈ {(3, 1), (5, 1), (7, 1), (13, 1), (31, 1), (3, 2) , (3, 5) , (3, 11) , (3, 29)}, then there are infinitely many integers n such that r m,t (n) ≤ 1.
Preliminaries
In order to prove the theorems, we still need some lemmas. To compute r ′ m,t (n), we have to apply some results in [6] . We first introduce some notations of [6] .
( 
where H(d) is cyclic with identity I and generator A; ( * * ) : Kronecker symbol;
From [3] , [2] , [7] and [8] , we have the following lemma. And we still need some more lemmas. 
and (n + x)/2 + (n − x)/2 = n and
Lemma 2.7 ([6, Theorem 11.3]). Let d be a negative fundamental discriminant and
H(d) ≃ Z 4 . Then R(I, n) = ω(d)(F (I, n) + 2F (A, n) + F (A 2 , n))/4, (2.5) R(A 2 , n) = ω(d)(F (I, n) − 2F (A, n) + F (A 2 , n))/4.2(m − 2)(a − b) 2 + t(2(m − 2)c − (m − 4)) 2 = 2(m − 2)((a + b) 2 − 4ab) + t(2(m − 2)c − (m − 4)) 2 = 2(m − 2)(n 2 − 4tP (m, c)) + 4t(m − 2)c((m − 2)c − (m − 4)) + t(m − 4) 2 = 2(m − 2)n 2 − 8t(m − 2)P (m, c) + 8t(m − 2)P (m, c) + t(m − 4) 2 = 2(m − 2)n 2 + t(m − 4) 2 .
And if there is another integer solution (a
In the case of n = x, (n, |m − 4|) is an integer solution, but ((n + x)/2, (n − x)/2, c) can not provide a positive integer solution for (1.2) because (n − x)/2 = 0. Here m − 5 < 2m − 9 < 2m − 4. A contradiction. Thus n = x. In the case of n > x, we proceed our discussion in two cases. If m = 3, then we have n 2 + 1 = x 2 + y 2 . Since n 2 + 1 ≡ x 2 + y 2 (mod 4), we have n 2 ≡ x 2 (mod 4) or n 2 ≡ y 2 (mod 4). Transposing x and y if necessary, we may assume n 2 ≡ x 2 (mod 4), which implies that n ≡ x (mod 2) and y is odd. Now we prove that ((n + x)/2, (n − x)/2, (y − 1)/2) is a positive integer solution to (1.2). (n + x)/2 + (n − x)/2 = n and such that c is an integer (c > 0 if m = 3) and the case n ≤ x can only provide one solution (n, |m − 4|), we have r m,t = r ′ m,t − 1.
Proof of Theorem 1.3. Let S be the set of square numbers. By the definition of r ′ m,t (n), we have
Under the condition of Theorem 1.2, we can obtain the value of r m,t (n) by applying the lemmas about the binary quadratic forms. And we notice that for any prime divisor q of 2n 2 + 1, we have 2n 2 + 1 ≡ 0 (mod q). It follows that ( 
